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CHARACTER ALGEBRAS OF DECORATED SL 2 (C)-LOCAL 

SYSTEMS. 

GREG MULLER AND PETER SAMUELSON 

o 

£N| ■ Abstract. Let S be a path-connected, locally-compact CW-complex, and 

let M C S be a subcomplex with finitely-many components. A 'decorated 
SZ/2(C)-local system' is an SL2 (C)-local system on <S, together with a choice 
of 'decoration' at each component of M (a section of the stalk of an associated 
vector bundle). 

We study the (decorated S X2OC)-) character algebra of (<S,M), those func- 
tions on the space of decorated ,SZ/2 (C)-local systems on (<S,M) which are 
regular with respect to the monodromy. The character algebra is presented 
explicitly. The character algebra is then shown to correspond to the algebra 

i-C ■ spanned by collections of oriented curves in S modulo simple graphical rules. 

J^ , As an intermediate step we obtain an invariant-theory result of indepen- 

dent interest: a presentation of the algebra of 5L2(C)-invariant functions on 
End(Y) m e V n , where V is the tautological representation of SL 2 (C). 

T— I ■ 
> 

On 

£jj ' 1. Introduction 

; . This paper seeks to generalize the theory of character algebras of SL2 (C)-local 

L~ . systems by adding extra data (decorations) at a set M C S. 

1.1. <SX2(C)-local systems. The study of SX2(C)-local systems on a connected 
manifold S (or equivalently, maps 7Ti(<S) — > SL/2(C)) is a well-known tool for study- 
ing the topology of S. This has its origins in the study of hyperbolic 3-manifolds, 
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where the hyperbolic metric can be used to construct an SiWQ-local system on 

An SLi2(C)- character function of S (or just a 'character function') is a C- 
valued function on the set of equivalence classes of S^ (C)-local systems which 
is regular with respect to the monodromyo For example, associated to any loop 
I G 7Ti(iS) there is a character \i which takes the trace of the monodromy of a 



The first author was supported by the VIGRE program at LSU, National Science Foundation 
grant DMS-0739382. 

The analogous construction for hyperbolic 2-manifolds requires a little bit more work. There 
is a natural PSX2(R)Tocal system, but it cannot be lifted to an SL2(C)-local system without 
introducing 'twisted local systems'; see |FG 06 Section 2.4], 

Technically, this disregards the possibility of nilpotcnt character functions. More correctly, a 
character function is a globally regular function on the moduli stack of 5L2(C)-local systems. 

1 
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local system around I. The character functions collectively form the character al- 
gebra OChar(S). The C-points of the corresponding affine scheme Char(S) = 
Spec{OChar(S)) parametrize characters of SLi (C)-representations of 7i"i(<S), and 
so a character function is a function on the set of characterso 

The character algebra was explored by Culler and Shalen [CS83 j to study in- 
compressible surfaces in 3-manifolds. Among other results, they proved that the 
character algebra is generated by characters of the form \i , a s I runs over m (S) . 

In the 3-dimensional case, Bullock |Bul97j (and later jPSOOj ) showed that the 
relations amongst the characters {xi} can be encoded graphically, as the Kauffman 
skein relations at q = — 1. These are relations coming from knot theory which are 
local, in the sense that they only manipulate a small neighborhood in S. 

A formal presentation of the character algebra was produced by Brumhel and 
Hilden [BH95 (building on the work of Procesi |Pro76] . [Pro84j ). In fact, they 
present the character algebra of maps G — > SL2(C) for an arbitrary finitely- 
generated G, generalizing the case when G = 7Ti(<S). 

Theorem 1.1.1. BH95] Proposition 9.1.i] For a finitely- generated group G, the 
SLi2{C)- character algebra is the commutative algebra generated by Xg, for g G G, 
together with relations 

• Xe — 2, and 

• XgXh = Xgh + Xg-ih, for all g,h€G. 

1.2. Decorations. The theme of this paper is the addition of 'decorations' to the 
preceding theory Fix a subset M C <S, and let V be the tautological 2-dimensional 
representation of SL2{C). A decorated SL 2(C) -local system on S is... 

• an 5 , L 2 (C)-local system £ on 5, 

• for each connected component m C M, a choice of section d m over m of the 
V-vector bundle associated to C. 

Aside from being a very natural generalization of SX2 (C)-k>cal systems, there are 
several justifications for their study: 

• Their character algebra can be explicitly presented, in a direct generaliza- 



tion of Theorem II. 1.11 

Their character functions have a graphical calculus (Section 4) which gen- 
eralizes the undecorated case. 

They can be used to define 'twisted decorated 5L2(C)-local systems' on 
a surface, which have many excellent properties. When S is hyperbolic, 
points in Penner's decorated Teichrmiller space of S correspond to twisted 
decorated S'-Z^Q-local systems satisfying a positivity condition, see |FG06| . 



° Again, ignoring the issue of nilpotents. 
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The character algebra of the twisted S.L2 (C)-local systems on S is natu- 
rally isomorphic to (the decorated version of) the 'Kauffman skein algebra' 
at q = 1. Through this connection to skein algebras, the character al- 
gebra can be related to the cluster algebra of the surface (as defined in 
[GSV05] . [FST08] ) . Twisted decorated local systems will be explored in an 
upcoming paper [MS] . 

• In a physical theory where the role of wavefunction is played by SL2 (C)- 
local systems (such as certain TQFTS, such as st2(C)-Chern-Simons theory, 
see e.g. |Ati90p . the decorations play the role of boundary values. Here, the 
character functions are closely related to the obscrvables; compare Section 
2] to the theory of 'Wilson lines'. 

1.3. Character functions. Like the undecorated case, decorated SX2(C)-local 
systems can be reduced to some algebraic monodromy data. However, instead a 
map of groups tti(S) — > SX2(C), the monodromy data is a map of group actions 
(see Section [274]) 

(n 1 (S),n (M))^(SL 2 (C),Y) 

A character function has the analogous definition to the undecorated case; it is a 
function on isomorphism classes of decorated SX2(C)-local systems which is regular 
in the monodromy datau The character functions collectively form the character 
algebra OChar(S,M), our central object of study. 

There are two easy examples of character functions on (<S,M), which will be 
informally referred to as the elementary character functions. 

• First, for I G 7Ti(iS), the function \i which takes the trace of the monodromy 
of C around I is a character function; note that this ignores the decorations. 

• Second, if a is a smooth, oriented arc connecting points p,q £ M, then C 
and a define a parallel transport map r a : V p — > Y q between the stalks 
of the associated V-vector bundle. For a fixed bilinear skew form w on V, 
define 

Xa(C d ):=Lu(T a (d p ),d q ) 

This character function only depends on a up to homotopy (where the 
endpoints must stay in M). 

Let S be the universal cover of S, and let M be the preimage of M in S. Then a 
pair of components p, q £ 7r (M) defines a homotopy class of oriented arcs (p, q) in 
(S, M) , by considering the image in S of the unique class of oriented arcs connecting 



As before, this disregards the possibility of nilpotcnt character functions. More correctly, a 
character function is a globally regular function on the moduli stack of decorated 5L2(C)-local 
systems. 
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p to q in S. In this way, a pair of components p,q 6 7To(M) determines a character 
function X(p,q)- 

Then the main result of the paper is the following (Theorem 13.5.21) . 

Theorem 1.3.1. The character algebra OChar(S,M) is the commutative <C-algebra 
generated by the elementary character functions \h f or I G 7r i('5); an d X(p,q)> f or 
p, q G 7i"o(M) ; with relations generated by 

(1) Xe = 2. /or e i/ie identity in G. 

(2) X(p,g) = -X(g,p)- 
(3J X{gp,gq) = X(p,g)- 

( 4 ) XgXh = Xsft + X 9 -!h- 

(5) XgX(p,q) — X(gp : q) + X(p~ 1 p,g) ■ 

(6) X(p, ? )X(p', 9 ') = X( P ,g')X(p',«) +X(p,p')X(3,3')- 

Note that the generators all correspond to classes of oriented curves in (S, M). 
The relations in the theorem can then be translated into simple manipulations 
of these curves, and so computations in the character algebra may be performed 
graphically. 

1.4. The algebra of mixed S'L2(C)-invariants. In the course of proving the 
main theorem, an invariant theory result of independent interest will be proven. 
Recall V is the tautological 2-dimensional representation of S'-Z^C). Let End(V) 
denote the algebra of linear endomorphisms of V; it may be identified with the set 
of 2 x 2 matrices. The group SL 2 (C) acts on End(Y) by conjugation. 

For m,n£N, we consider the vector space End(Y) m © V™ as an algebraic variety 
and denote its ring of functions by O m . n . The invariant subalgebra Ol^fi is called 
the algebra of mixed invariants^ This algebra appears to have first been considered 
by Procesi in |Pro76| Sec. 12]. 

Let (Ai, ..., A m , vi, ..., v n ) denote an arbitrary element of S?irf(V) m ©V". For 
1 < i < m and 1 < j,k < n, define 

Xi(Ai,...,A m , Vl ,...,v n ) :=Ai <EEnd{Y) 

0j, fe (Ai,...,A m , vi,...,v n ) -=VjVk G End(V) 
For any word A in the {X,, @j,fc}, the function 

tr(A) : End(W) m ® V" -4 C 

is S'L2(C)-invariant. Then the following is an explicit presentation of the algebra 
Of^^ of mixed invariants (Theorem 16.4. ip . 



It interpolates between the algebra of invariant functions on V n (a subject of classical invariant 
theory) and the algebra of invariant functions on End(Y) (a subject of modern interest). 
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Theorem 1.4.1. The algebra 0„^£ of mixed invariants is the commutative algebra 
generated by tr{A), as A runs over all words in the functions {Xj,©ij}. The 
relations are generated by 

• (Procesi's F-relation) For A, B, C words in {X^,©^-}, 

tr(ABC) + ir(CBA) + tr(A)tr(B)tr(C) 

= tr(B)tr(AC) + tr(AB)tr(C) + tr(A)tr(BC) 

• tr(A&ij) — tr(A®j i i) — tr(A)tr(®j t i), for A a word in the {X.;, ©,;..,} and 
1 < i, j ' < n, 

• tr(A®i t jB&i' t j') — tr(A®ij>)tr(B®i'j), for A, B words in {Xj,©^} 
and 1 < i,j, i',f < n. 

1.5. Structure of paper. The first half of the paper concerns definitions and the 
presentation of results. 

• Section 2 defines local systems, decorated local systems, and their mon- 
odromy data. We define the category of group actions, which is the proper 
context for the monodromy data. 

• Section 3 replaces the monodromy group action (7Ti(«S), 7To(M)) with an ar- 
bitrary finitely-generated group action (G, M) , and defines the correspond- 
ing character algebra OChar(G, M). Basic results on elementary character 
functions are given, as well as a statement of the main theorem (Theorem 
13X21) . 

• Section 4 explores the graphical nature of the character algebra. A complete 
list of the rules for manipulating curves is presented, which is the graphical 



analog of Theorem 13.5.21 

The second half of the paper proves the main result. It is fairly computational and 
has a strong invariant-theory flavor. 

• Section 5 introduces the prerequisites from invariant theory, and defines the 
algebras of mixed invariants 0~£. '% and mixed concomitants S^n > which 
will be important intermediary objects. Several previously-known results 
are presented as special cases of Theorem 16.4.11 

• Section 6 produces presentations of the algebras of mixed invariants and 
mixed concomitants (Theorems 16.4.11 and I6.4.2J) . 

• Section 7 applies the presentations from the previous section to produce a 
presentation of the character algebra OChar(S,M). 

The paper conduces with an appendix on twisted character algebras, a variant 
useful for applications. 
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2. Decorated SX 2 (C)-local systems 

2.1. Spaces with marked regions. We begin by considering pairs (<S, M), where 
S is a path-connected, locally-compact CW-complex, and M C S is an embedded 
CW-complex with finitely many components, each of which is path-connected (M 
may be empty). 

The marked regions M will only matter up to homotopy equivalence in S. In 
particular, if each component of M is contractible in S, then each component of M 
can be replaced by a point. Regardless, 7To(M) will denote the set of components 
of M. 

Choose a basepoint p £ S, and let 7Ti(iS) := ■n\{S 1 p) be the fundamental group 
at p. Let S denote the universal cover of S, and M the preimage of M. The 
fundamental group 7Ti(<S) then acts on 5, M and ttq( 



2.2. G-local systems. Recall that a G-local system L on S is a locally-constant 
sheaf of sets on S with a G-action, so that C is locally a free and transitive G- 
set (a G-torsor). Two G-local systems are equivalent if there is a G-equivariant 
isomorphism of sheaves between them. 

The choice of a basepoint p associates to every G-local system C its monodromy 
representation pc '■ TTi (S) — > G. Two such representations are equivalent if they 
are G-conjugate. Then the following is standard (see, e.g. |Sza09j ). 

Theorem 2.2.1. The assignment C — > pc induces a bijection 

{G-local systems on S } ^ I homomorphisms tk\ (S) — > G 1 
up to equivalence J 1 up to equivalence J 

In particular, if S is simply-connected, then every G-local system is trivial. 

Given a G-local system C and a G-representation V, there is an induced vector 
bundle C Xq V. This is the vector bundle locally modeled on V with transition 
maps determined by L. 
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2.3. Decorated SX2(C)-local systems. Let V denote the standard SL/2(C)- rep- 
resentation; it is 2-dimensional over C. Fix an SL 2 (C)- invariant, skew-symmetric 
bilinear form u) on V, though this will only be used later. 

Definition 2.3.1. A decorated SL 2 (C)-local system C d on (<S,M) is... 

• a 5L2(C)-local system C, and 

• for each connected component m C M, a choice of local section d m £ 

(£x Si2(c) v) m | 

Note that (undecorated) SL2 (C)-local systems are the special case when M = 0. 

Given a decorated SX2(C)-local system C d on (<S,M), the universal covering 
map 7 : S — > S induces a decorated SL2 (C)-local system 7*£ d on (5, M) (where 
M = 7~ 1 (M)). Since S is simply-connected, 7*£ d can be globally trivialized so 
that 

r(5, 7 */; d ) ^ sl 2 (c), r(5,( 7 */: d x SL2(C) v)) ~v 

The action of tti(S) on 5 gives an action on local sections which recovers the 
monodromy map p : 7r 1 (5) — > SL 2 (C). Since all the stalks in j*C d may be identified 
with the global sections, the decorations on M amount to a map pd ■ tto{M.) — > V. 
If two marked components m,m' E M are related by the action of I € 7Ti(<S), 
then their decorations must be related by the corresponding monodromy; that is, 
VmeM and I e m(S), 

p d {lm) = p(l)p d (m) 

Changing the global trivialization of 7* C d by g e SL2(C) will send p to gpg -1 , and 
Pd to gp d . 

2.4. Group actions. This monodromy information is a specific example of a more 
general algebraic structure. Define a group action to be a pair (G,M), where G 
is a group and M is a G-set. A morphism of group actions is a pair of maps 

(f G ,fM):(G,M)^(G',M') 

such that fo ■ G — > G' is a group homomorphism and /m : M — > M' is a set map 
such that, Vg £ G and m <G M 

fAi(gm) = fG{g)fAi{m) 

A group action (G, M) is finitely-generated if G is finitely-generated as a group 
and M has finitely many G-orbits. 

Any element g G G determines an inner isomorphism of group actions {ad gi g-) : 
(G, M) ->• (G, M). Then G acts on the set 

Hom((G',M'),(G,M)) 



-■Here, (C x,sl 2 (C) V) m denotes the stalk of £ Xsl 2 (C) V at »Ti- 
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by postcomposition with the corresponding inner automorphism. 

Applying this to the previous setting, choosing a global trivialization of 7*£ d 
gives a morphism of group actions 

(2.1) (p,p d ) : (7ri(5),7r (M)) -> (5L 2 (C),V) 

called the (decorated) monodromy representation. Two different global trivi- 
alizations give monodromy representations related by the action of 6X2 (C). 

Proposition 2.4.1. Monodromy representations determine a bijecton 

{\ [ group action maps 

decorated SLoiC) -local systems ^ 1 ~ 

( , M , ■ j "^ (m(SUo(M)) -> (5L 2 (C),V) 

on (o,MJ up to equivalence \ 

' \ up to the action of 52/2 (C) 

Proof. The map from decorated local systems to group action maps has already 
been described; we now construct its inverse. Given a representation 

/:( 7 ri(5), 7 ro(M))^(5L 2 (C),V) ) 

the map f^us) '■ n i(S) ~> 52/2 (C) determines an 52/2(C)-local system £, by Theo- 
rem EHQ 

The map f^ ,^ : 7r (M) — > V determines a section of the stalk d G (£ x si2 (c) 
V)jjj. For U C S, sections of C Xsl 2 (C) V over U can be identified with 7Ti(<S)- 
equivariant sections of 7~ 1 [/ C S. The group action condition implies that d is 
7Ti(5)-equivariant, so it determines an element d G (£ ~*SL 2 (k) V)m- This defines a 
decoration of L. □ 

Remark 2.4.2. Naturality. This bijection is natural, in that it can be made into an 
equivalence of the appropriate categories of families. As a consequence, this induces 
an isomorphism between the corresponding moduli stacks. 

Remark 2.4.3. General decorated local systems. The definition of decorated local 
systems works the same if 52/2 (C) is replaced by any group G, and V is replaced 
by any G-set M. 

3. Character algebras 

The decorated 52/2(C)-local systems on (<S, M) only depend on the finitely- 
generated group action (7ri(5),7ro(M)). This section will pass to the larger gen- 
erality of an arbitrary finitely-generated group action (G, M), with (7ri(<S),7ro(M)) 
demoted to the role of 'motivating example'. 

3.1. Algebraic structure. The first step is to endow the set of group action map^] 
(G,M) —> (52/2 (C),V) with the structure of an affine scheme. 



'These will often be informally referred to as representations of (G, M). 
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Definition 3.1.1. The representation algebra of (G,M) into (SX2(C),V) is 

the C-algebra ORep(G, M) such that, for any commutative C-algebra A, there is a 
bijection (functorial in A) 

{group action maps I ^ I C-algebra maps [ 

(G,M)^-(SL 2 (A),A®Y) )~*\ ORe P (G,M)^A J 

The affine scheme Rep(G, M) := Spec(ORep(G, M)) is called the representation 
scheme. 

In particular, the C-points of Rep(G, M) are in bijection with the set of group 
action maps (G,M) — » (SX2(C), V). The proof of the existence and uniqueness of 
ORep(G,M) will be deferred to Section [T7TI (specifically. Proposition 17. 1 . 3|) . 

The group SL2(C) acts naturally on ORep(G,M), and the set of SZ/2(C)- 
equivalence classes of maps (G, M) — > (SX2(C), V) is the set of iSX 2 (C)-orbits 
in Rep(G,M). 

3.2. The character algebra. 

Definition 3.2.1. Define the character algebra of (G,M) into (SX 2 (C),V) by 

OChar(G,M) := <DRep(G,M) SL2 ^ C ORep(G,M), 

the SX2 (C)-invariant subalgcbra of ORep(G,M). The character scheme is the 
affine scheme Char(G,M) := Spec(OChar(G, M)); it is the algebro-geometric 
quotient of £ep(G, M) by SL 2 (C). 

A character function is an element of OChar(G,M). Intuitively, it is an 
SX2(C)-invariant function on the set of group action maps (G,M) — > (SL<2(C),'V) 
which can be expressed as a polynomial in coordinates |f| That is, an element of 
X S OChar(TTi(S),ir (M)) assigns to every decorated SX 2 (C)-local system C d a 
number x(£ d ) £ C, so that x varies algebraically with respect to C d . 

Remark 3.2.2. (Decorated characters?) When M^fl, the C-points of Char(G, M) 
do not correspond to characters of some group. The best one can say is as fol- 
lows. The C-points of Char(S, M) correspond to equivalence classes of the weakest 
Zariski-closed equivalence relation on the set of maps (G,M) — > (SL,2(C),Y) such 
that conjugate pairs are contained in equivalence classes. 

Remark 3.2.3. (The moduli stack) The space of <SL2(C)-orbits in Rep{G,M) is 
naturally an algebraic stack. This stack usually won't be representable by a scheme. 
However, it still has a universal 'schemification' - a scheme through which all maps 
to schemes factor. This schemification is the character scheme Char{G,M). 



'However, this intuition ignores the possibility of nilpotent elements in OChar(G, M). 
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3.3. Elementary character functions. There are two immediate sources of char- 
acter functions. First, let g G G. For a map of group actions 

P :=(PG,Pm):(G,M)^(SL 2 (C),Y), 

define 

(3-1) X 9 {p)-=tr{ PG {g)) 

For a G SL 2 (C), 

X g (a ■ p) = tr(ap(g)a~ l ) = tr(p(gj) = Xgifi) 

and so Xg defines a character function for all g G G. 

Next, let p,q G M. Recall that w is a fixed Sl^C^-invariant, skew-symmetric 
bilinear form on V. For p an arbitrary representation, define 

(3-2) X(p, q )(p)--u(pM{p),PM{q)) 

For a G 5L 2 (C), 

X( p ,q)(a-P) =u(ap M (p),ap M (q)) = u(p M (p),PM(q)) = X( P ,q)(p) 
and so X(p,q) defines a character function for all g G G. 

3.4. Relations between elementary character functions. 

Proposition 3.4.1. The following relations hold between character functions of 
the form x g and X( p , q ) ■ 

(1) Xe = 2, for e the identity in G. 

(2) X(p,q) =-X{q,p)- 
(3J X(gp,gq) = X(p,q) ■ 

(4) XgXh = Xgh + Xg-ih- 

(5) XgX(p,q) =X(gp,q) +X(g- 1 p,q)- 

(6) x<p,,)X(^) = x {P ,q>)X ( p', q) +x ( p,pnx M) - 

Proof. Relation (1) is tr(Idy) = dim(V) = 2. Relation (2) is the anti-symmetry 
of u. Relation (3) is the SX2(C)-invariance of u. Relations (4) and (5) use the 
following lemma. 

Lemma 3.4.2. Let g E SL 2 (C). Then g + g^ 1 = tr(g) ■ Idy. 

Proof of lemma. The matrix g satisfies its own characteristic polynomial; that is, 

g 2 - tr(g) ■ g + Idy = 
Multiplying by g~ x gives the desired identity. □ 
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Then Relation (4) is 

(3.3) tr(g)tr(h) = tr(tr(g)h) = tr(gh + g^h) = tr(gh) + tr(g~ l h) 
and Relation (5) is 

(3.4) tr(g)u(p, q) = u(tr(g)p, q) = u(gp + g~ x p, q) = u(gp, q) + uj{g~ x p, q) 

Relation (6) is equivalent to the 'quadratic Phicker relation'. To see this, choose 
w-canonical coordinates x, y on V; that is, 



w(p,q) = x p y q -x q y p 



x 



- 1 a 



Then Relation (6) becomes 



Vv Vq 



Xp' Xq' 
VV' Vq' 



Xp Xq' 

Vv Vq' 



p ^q 
VV Vq 



Xp' Xq 

Vv' Vq 



,Vp,geV 



Xp Xp' 

Vv Vv' 



Xq Xq' 
Vq Vq' 



which can be verified directly. 

These relations formally imply several other relations. 



□ 



Corollary 3.4.3. The following relations also hold between character functions of 
the form x g and X{p,q) ■ 

(7) Xp, p = 0. 

(8) Xg- 1 = Xg- 

(9) Xhgh-i = Xg- 

(10) Xg i — 2Tj(Xg/2)j where Ti is the ith Chebyshev polynomial^ 

3.5. A presentation of OChar(G, M). The main result of this paper will be that 
the elementary character functions {x g } and {x<p,q)} generate OChar(G.M). with 
all relations generated by those in Proposition 13.4.11 We formalize this as follows. 

Definition 3.5.1. Let H + (G,M) denotcj the commutative C-algebra generated 
by symbols 

• [g], for all g £ G, and 

• [p, q], for all p,q £ M, 
with relations generated by... 

(1) [e]-2. 

(2) [p,q] + [q lP \. 

(3) [gp,gq] - [p,q\- 

(4) [g][h]-[gh]-[gh^\. 

(5) \g]\p,q] - [gp,q] - \p,gq\- 



9 These are defined by T (x) = 1, T ± (x) = x and T i+1 (x) = 2xTi(x) - Ti-i(x). 
10 The notation H+(G, M) is chosen to match BH95] and |PS00| . 
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(6) [p,q}[p',q'}-[p,q'][p\q}-[P,P'Uq'}- 
By Proposition 13.4. 1\ there is an algebra map 

X : H+(G, M) -► OChar(G, M) 
such that x([g]) = Xg and x(\P>o\) = X( P , q )- 
Theorem 3.5.2. The map x '■ H + (G,M) —> OChar(G,M) is an isomorphism. 

Proof Outline. The proof will be contained in Sections 5-7, but we outline the idea 
here. If G is a free group on m generators and Mis a free G-set of n orbits, then 
Rep(G,M) = SL 2 (C) m © V". This is an SX 2 -nxed subvariety of the afhne space 
End(¥) m 8 V™. The invariant functions Of^ on End(Y) m © V™ were studied 
in [Pro76| Section 12] under the name mixed invariants. A nice presentation for 
the mixed invariants is obtained (Theorem 16.4.11) , which can be used to present 
OChar(G, M) when G and M are both free (see Remark I7T2~TJ) . 

When G and M are not free, a choice of m generators for G and n generators for 
M realizes Rep(G, M) as an ST^-fixed subvariety of End(V) m © V™, corresponding 
to the image of the generators in SL2 (C) and V, respectively. The problem that 
arises is that the natural relations defining Rep(G, M) in End(V) m © V™ are not 
S^-invariant, and so more relations might appear in the invariant subalgebra. 

This is solved by considering the algebra £„ L ^ of SX2-equivariant maps from 
End(V) m © V n to End(V), the algebra of mixed concomitants. When extended to 
this non-commutative algebra, the defining equations of Rep(G, M) become SL2- 
invariant, and so it is possible to present (End(V) ® ORep(G, M)) SL2 (Theorem 
I7.3.2p . Then, by taking traces of these elements, we present OChar(G,M). □ 

Example 3.5.3. When M = 0, then Relations (2), (3), (5), and (6) are vacuous, 
and the resulting presentation coincides with Brumfiel and Hilden's presentation 



(Theorem 11.1. If) . 

Example 3.5.4. When G = {e} and M = {1, ...,n}, then Relations (3), (4) and (5) 
are redundant, and the character algebra is the homogeneous coordinate ring of the 
Grassmannian Gr(2,n). The Pliicker coordinates Xij correspond to X(i,j)- 

Remark 3.5.5. These last two examples can be interpreted as saying that gen- 
eral character algebras OChar(G,M) interpolate between Brumfiel and Hilden's 
S'L s (C)-representation algebras H + {G) and the homogeneous coordinate rings of 
Grassmannians. 

Example 3.5.6. For G = Z and M — {a, b} (two G-invariant elements), the algebra 
OChar(G 7 M) is generated by xi and X(a,b), with the single relation (xi+2)X( a ,6) — 
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0. The remaining elementary character functions can be expressed in terms of these 
two; for example, x% = 2T 4 (xi/2) and X(b,a) = ~X(a,b)- 

The corresponding scheme Char(G, M) is two affine lines crossing transversely. 
The two irreducible components of this scheme correspond to maps p : (G, M) — > 
(SX 2 (C),V) such that either 

• p G (l) = Idy (when xi = tr(p(l)) = 2), or 

• Pm{o) arid pM{b) are linearly-depcndant (when X(a.b) — w (p( a )j p{b)) = 0). 

Since pm{o) and pM(b) are invariant vectors of /?g(1), it is clear one of these two 
conditions must be satisfied. 



4. The graphical nature of the character algebra 

In this section, we return to the topological setting of (G, M) = (tti(S), 7To(M)), 
and hence to character functions for decorated SL2 (C)-local systems. The ele- 
mentary character functions naturally correspond to homotopy classes of oriented 
curves in S, and the relations from the previous section can be graphically encoded. 

4.1. Character functions of oriented curves. A curve in (S, M) will be a closed 
immersion c : C — > S of a connected, 1-dimcnsional manifold with boundary, such 
that any endpoints of C land in M. An orientation of c is an orientation of C. 
There are two kinds of curves in (5, M). 

• Loops I, where C is homeomorphic to the circle S , 

• Arcs a, where C is homeomorphic to the interval [0, 1] and c(0), c(l) £ M. 

A character function Xc € OChar(S, M) can be associated to any oriented curve 
c, as follows. 

• If c is an oriented loop I, choose a basepoint p € I. Then I determines an 
element m (S,p), and so it determines a character function xi- This function 
is well-defined, since xi = Xgig- 1 ■ It is the trace of the monodromy around 
I. 

• If c is an oriented arc a, choose a lift a of a to the universal cover S. 
Let p, q G M be the endpoints of a; this determines a character function 
Xa '■= Xp-q- Note that a different lift of a will have endpoints gp and gq 
(for some g), and so Xa is well-defined. This character function amounts to 
using a to parallel transport the decoration from one endpoint to the other, 
and using u> to compare the decorations. 

In both cases, the character function y c only depends on c up to homotopy (where 
the endpoints arc required to stay in M). 
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For a finite collection of oriented curves c = {ci,C2, ...,Ci}, the associated char- 
acter function is the product of the corresponding elementary character functions. 

4.2. Graphical relations. Let Curve(S, M) denote the C-algebra spanned by the 
set of finite collections of oriented curves in (S, M) (up to homotopy). Then 

X : Curve(S,U) -> OChar(S.U) 

defines a map of algebras. Since every elementary character function can be 



written in the form Xo Theorem 13.5.21 shows that OChar(S, M) is a quotient of 
Curve(S, M) with kernel determined by the relations in OChar(S, M). The gener- 
ators of this kernel can be interpreted as graphical rules; this gives a complete set 
of rules for manipulating collections of curves without changing the corresponding 
element of the character algebra. 



Graphical rules for characters of oriented curves 

(1) A contractible loop is equal to 2 ( Proposition 13.4. ll (1)). 

0=2 

(2) A contractible arc is equal to ( Corollary 13.4. 3[ (7)). 

<=> =0 

(3) An oriented loop is equal to its orientation-reversal (Corollary 13.4.31 (8)). 



(4) An oriented arc is negative its orientation- reversal (Proposition 13.4. II (2)). 



a / _ Q. 



(5) There are relations for pairs of curves, by choosing nearby segments on each 
curve and summing over the two other ways to connect them. 
Two loops (Proposition 13.4.11 (4)). 
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(6) An arc and a loop (Proposition 13.4. l| (5)). 






(7) Two arcs (Proposition EXTJ (6)). 

~ "o cr ~ ~ \ ' ' ~ "o cr"" 

- - = ^ - - - s - - p + °- - . 

Remark 4.2.1. Several remarks are due. 

(1) The relation Xgp.gq — Xp,q appears to be missing; it is implicit in the defi- 
nition of the character function of a curve. 

(2) The second and third rule are formal consequences of the other rules. 

(3) While the last three rules appear to be virtually identical, there is an impor- 
tant distinction. The orientation of arcs in the last rule is arbitrary-seeming 
but necessary, whereas the orientation of loops in the fifth rule is truly ar- 
bitrary. 

(4) Despite how the last three rules have been drawn, it is possible that the 
curves on the left hand side intersect along the chosen segments. 

4.3. Weaknesses of this approach. While it might be tempting to regard this 
as the 'correct way' to graphically visualize the character algebra, there are two 
shortcomings of this approach. 

• Orientation-dependance: The function Xc depends on the orientation of a 
curve c, but only up to a sign. 

• Non-local relations: The relations will not be local in S. For each crossing 
in a collection of curves, there is a relation, but the signs in that relation 
will depend on whether the crossing is between two distinct curves or the 
same curve, which is not local information. 

In the undecorated case, the relations can be made local by sending a curve c 
to — Xc- This turns the last three rules into the Kauffman skein relation at q=-l 
( Bul97 , PSOO ). Such a fix will not be available in the decorated generality because 
of the orientation-dependance of the arcs. 

A subsequent paper by the authors |MSj will explore two methods for fixing 
these short-comings: 

• Cleverly choosing a sign-correction w(c) for each curve c, so that the map 
c — > (— i) w ^ c 'Xc has the desired properties. 

• Twisting the definition of decorated SL2 (C)-local systems so that the cor- 
responding character algebra OChar(S,M) can be canonically identified 
with a graphical algebra with the desired properties. 
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In both cases, the resulting graphical algebra will be the Kauffman skein algebra at 
q = 1 (where curves are allowed to have endpoints in M). The first approach is the 
decorated analog of Barrett's use of spin structures to flip signs in Kauffman skein 
algebras [Bar99] . while the second corresponds to his observation that the q = 1 
skein algebra corresponded to certain flat S'L2(C)-connections on the frame bundle. 

5. Invariants and concomitants on End(V) m © V" 

The rest of the paper is devoted to the proofs of Theorem 13.5.21 The main 
ingredient for the proof of Theorem 13.5.21 will be presentations for the algebras of 
invariants and matrix concomitants on the space End(Y) m © V" (Theorems 16.4.11 
and 16X2]) . 

5.1. Preliminaries from invariant theory. This section collects the necessary 
results from invariant theory. A reference is |Stu08j . 

Let G be a semisimple algebraic group over C, and let A be a C-algebra with an 
action of G. The subspace A G C A of G-invariant elements is a subalgebra, called 
the invariant subalgebra. Taking invariants is functorial; an SX2(C)-equivariant 
morphism of algebras / : A — > B restricts to a morphism / : A G — ► B G . 

The main goal of invariant theory is usually to find a presentation of A . A 
typical approach is to write A = B/I, where B is an algebra with a G action and 
7 is a G-stable two-sided ideal. Since G is semisimple, it is a standard fact that 

A G = {B/I) G = B G /I G 

However, finding generators for I G can be difficult without the help of the following 
lemma: 

Lemma 5.1.1. If I is generated (as an ideal of B) by G-invariant elements {bi}, 
then I G is the (two-sided ideal) in B generated by {bi}. 

We also recall the important Reynolds operator: 

Lemma 5.1.2 (The Reynolds operator). Let G be a semisimple algebraic group 
over C, and let A be a C-algebra with an action of G. There is a <C-linear map 
7 : A --■» A G such that 

• 7 ( a ) = a if a <E A G C A. 

• 7(06) = 07(6) and j(ba) = j(b)a if a £ A G c A. 

• 7 is commutes with G-equivariant maps. 

5.2. Three isomorphisms. The following three linear maps define isomorphisms 
of SL2 (C)-representations which will be used repeatedly. 
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5.2.1. Transpose. First, let V v denote the dual vector space to V. The invariant 
form u) defines the transpose map _L: V — > Y v by 

v := u(v, — ) 

5.2.2. Outer Product. Next, define the outer product map : V © V -^-> End(Y) 

by 

Q(v, w) := wtu 

(note that endomorphisms of the form ow 1 span End(Y)). It follows that 
(5.1) tr(Q(v,w))—w (v) — u(w, v) = — u>(v, w) 

5.2.3. Adjoint. Finally, define the adjoint map i : End(Y) — > End(Y) by 

(vw ± Y := -wt) 1 
Since endomorphisms of the form vw span End(Y), this completely determines l. 

Proposition 5.2.1. The map i has the following properties. 

(1) l is an SL2( < C)-equivariant anti-involution of the algebra End(Y). 

(2) l is the adjunction for the bilinear form uj; i.e., u)(Av,v') = uj(v,A''v'). 

(3) A + A' = tr(A) ■ Idy. Therefore, A is scalar iff A is i-fixed. 

(4) AA l = A l A = det(A) ■ Idy. Therefore, A E SL 2 (C) iff AA L = Idy. 

(5) For ei,e2 an u- canonical basis for Y (ie, w(ei,ea) = 1), the action of i on 
the corresponding matrices is 

d -b 



(5.2) 



a b 
c d 



5.3. Mixed invariants and matrix concomitants. Let 

(5.3) m ,„ := 0[End{Y) m © V n ] = Sym c (End(Y) m © V") v 

denote the algebra of regular functions on the variety End(Y) m © Y n . The SX2 (en- 
action on End(Y) and V extends to an action on O m>n . 

Definition 5.3.1. The SL2 (C)-invariant subalgebra Of,^ C O m ^ n will be called 
the algebra of mixed invariants. 

The theory of mixed invariants and its presentations simultaneously generalizes 
the theory of invariant functions on V" and the theory of invariant functions on 
End(Y) m (hence, 'mixed'). As such, there are many partial results; some of the 
history of this problem will be reviewed in Section 15.61 

Now, denote by 

(5.4) £ m ,„ := End(Y) © O m , n 
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The multiplication in End(Y) makes this into a non-commutative algebra over 
Om,n, where O m ^ n M- £ m ,n as scalar matrices. The group SL,2(C) acts diagonally 
on £ myn by algebra automorphisms. The algebra £ m ,n is equivalent to the algebra 
of regular functions from End(V) m © V" to End(Y); from this perspective, the 
SX2(C)-action is by post-conjugation. 

Definition 5.3.2. The SL2 (C)-invariant subalgebra £^ L n C £ m ,n will be called 
the algebra of mixed matrix concomitants. 

While an interesting object in its own right, the mixed matrix concomitants are 
most useful as an intermeditary in computing the mixed invariants and related 
algebras. Specifically, some relations won't be SX2(C)-invariant in O m>n , but will 
become invariant when extended to £ m ,n\ I allowing Lemma 15.1.11 to be used. 

Remark 5.3.3. [Notation for £ m ,n) Plain math font {A, B,...} will be used to 
denote generic elements in £ m ,m sans serif font {A, B...} will be used to denote 
Endiy) C £ m ,n (constant elements), and bold {A,B,...} will be used to denote 
S^-invariant elements of £ m ,n- This can be very useful for visually distinguishing 
between otherwise identical-looking results like Lemma 16.2.11 Corollary 16.2.21 and 
Lemma 16.3.11 

5.4. Maps between 0%f% and £^ L ^. Results about algebras of mixed invariants 
and mixed matrix concomitants will be related by two maps, scalar inclusion and 
trace. 

The scalar inclusion O m ^ n <—} £ m , n is S^lQ-equivariant, and so it induces a 
scalar inclusion of invariants. 

- • Idy : 0%£ ^ £i L Z 

In this way, £^ L n 1S an algebra over 0%f% . 

The anti- involution 1 on End(V) extends to an anti-involution of £ m>n , and all the 
analogous properties in Proposition 15.2. T1 remain true. In particular, for A £ £ m ,n> 
then A e m ,„ • Idy iff A L — A, and so, 

Proposition 5.4.1. Under the scalar inclusion O m ^ n '—¥ £ m ,n, the algebra of mixed 
invariants Of^^ is the L-fixed subalgebra of £^ n L ^ ■ 

The trace gives a linear mad 12 ! End(Y) ---> C, which induces an 5X2(C)-equivariant, 
m!T ,-module map tr : £ m ,n --* Om,n- This then restricts to a 0,^ L ^-module map 

f r . fSL 2 (nSL 2 



m ,n 



Or rather, the even part of £ m ,n', see Section 17.21 

Dashed arrows will be used to denote morphisms in a weaker category than their source and 
target; typically, linear maps between algebras which are not algebra maps. 
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Since tr(f -Ich/) = 2/, the map Ir^tr is a right inverse to scalar inclusion. It follows 
that tr surjects onto O™, By Proposition l5.2.11 

(5.5) A + A 1 = tr{A) ■ Idy 

5.5. Elementary concomitants and invariants. For 1 < i < m, let Xj <E £ m .n 
denote the ith coordinate function, 

(5.6) Xi(Ai,A 2 , ~.,A m ,Vi,V2,:;V m ) := A 4 

Since the action of SL 2 (C) is by conjugation, Xj € S^n- 

For 1 < i,j < n, let &ij G £ m ,n denote (i,j)th outer product function, 

(5.7) ©i,j(Ai,A 2 ,...,A m ,vi,«2,— ,w m ) := Q(vi,Vj) = ViV 






Since is SL 2 (C)-equivariarit, ®ij £ £^ L r 

Because i is S , L 2 ( ( C)-equivariant, if A E £!%?%, then A' <E £^n- ^ n particular, XJ 
and ©J are also matrix concomitants, although ®\ ■ = — @j,i, so only XJ; provides 
a new example of a matrix concomitant. 

Any of these concomitants, or more generally any word in these concomitants, 
can be made into an invariant by taking the trace. 

5.6. Known results on O^n and Ef^ri- As a generalization of two well-known 
problems, there are many partial results on the structure of the algebras of mixed 
invariants and matrix concomitants. 

The case m — is classical; see !We y39| or |How89j . 

Theorem 5.6.1 (Invariants on V"). The algebra O n 2 is generated by {tr(&i t j)}, 

for 1 < i,j < n, with relations generated by tr{&ij) = — ir(@j,,) and 

tr{® l ^ J )tr{® ll . r ) = fr{Pij>)tr(9i'j)+tr{&i,v)tr{!&M') 

The problem of finding invariants on End(y) m was first proposed by Artin 
in [Xrt69 . A complete presentation of invariants and matrix concomitants on 
End(V) m was found by Procesillffrn [Pro76i . The invariants are generated by traces 
of strings of coordinate functions, and the relations are generated by a single class 
of relation. 

Theorem 5.6.2. |Pro76[ Theorems 1.3 and 4. 5. a] The algebra Of n ^ is generated 
as a commutative algebra by tr(A), as A runs over all words in the coordinate 
functions {X^}. The relations are generated by Procesi's F-relation: 

(5.8) ir(ABC) + ir(CBA) + tr(A)tr(B)tr(C) 

(5.9) = tr(B)tr(AC) + tr{AB)tr(C) + tr{A)tr(BC) 



^Procesi worked in dimension n, but we restrict to n = 2. 
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as A, B and C run over all words in {X^}. 

The algebra of matrix concomitants £^ L q can then be generated, over O m §, by 
the coordinate functions, and the relations are again generated by a single class of 
relation. 

Theorem 5.6.3. |Pro761 Theorems 2.1 and 4.5.b] The algebra £^q is generated, 
as an algebra over Of^, by the coordinate functions {X^}. The relations are 
generated by Procesi's G-relation: 

(5.10) AB + BA - ir(A)B - tr(B)A - ir(AB) + tr(A)tr(B) = 

as A and B run over all words in {X^}. 

Inspired by later results of Procesi, Brumfiel and Hilden produced a different 
presentation of £^n (as a C- algebra) which is specific to SL2 (C). 

Theorem 5.6.4. BH95, Proposition 9.1.1] The algebra £^q is generated by X, 
and XJ, with the relations generated by 

(A + A')B = B(A + A t ) 

as A and B run over all words in {X,;, XJ}. 

As one would expect, 1 L denotes the anti- involution in the algebra generated by 
{Xi, X^} which interchanges X, and ~K.\. Since A + A 1 = tr(A) ■ Idy, the theorem 
says the defining relation amongst the matrix concomitants is that the trace is 
central. 

An interesting aspect of this presentation is that the algebra of matrix concomi- 
tants is produced directly, and then the algebra of invariants is found as the i-fixed 
subalgebra. 

6. Presentations of 0%£% and £%fy 

This section provides presentations of the algebras of mixed invariants and mixed 
matrix concomitants which will be instrumental in proving Theorem 13.5.21 The 
problem of presenting these algebras in the mixed generality was first studied by 
Procesi |Pro761 Section 12] (for more general groups than SLi2(C)), who found a 
generating set and outlined a brute force method for computing the relationsl 14 ! 
Our approach incorporates the SX2(C)-specific approach of Brumfiel and Hilden, 
and this specialization makes the problem tractable. 



However, as Procesi himself notes, producing a nice generating set for the relations via this 
method would likely be difficult or impossible. 
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6.1. The map v. Like the outer product map 6 : V ® V — > End(Y), there is an 
SL2 (C)-equivariant isomorphism 

V" ® V" -^ End(V n ) ~ End(V) n2 

This induces a SX2(C)-equivariant map on coordinate rings 

(6.1) v ■. o„ 2j0 -> e> ,„ 

Here, v{f){v\, ...,v n ) := /(vii>i , fif^, ...«„«,[_!, «„«,];). Tensoring this map with 
O m>0 or £ mfi gives 

Proposition 6.1.1. The invariant maps v : C m+ 2 „2 — > O^ an d v '■ £ m +n 2 o — ^ 
£^ L ^ are surjective. 

Proof. In [Pro76[ Theorem 12.1], Procesi produces sets of generators for the algebra 
of mixed invariants, showing that they correspond to traces of products of matrices 
and evaluating uj on pairs of vectors. Since these are in the image of v, surjectivity 
follows. The analogous statement for mixed concomitants follows from the set of 
generators in |Pro76| Theorem 12. 2. d]. □ 

Remark 6.1.2. Since the previous section provides a presentation of C„ + 2 „2 and 

Or 

of £ m+ 2 „2 , this proposition reduces the problem of presenting the mixed invariants 
and matrix concomitants to the problem of understanding the kernel of v. 

6.2. The kernel of v. Under v, the first m coordinate functions in £ m+n 2 go to 
the coordinate functions in £ m . n . The last n 2 coordinate functions in £ m + n 2 ,o go to 
the outer product functions in £ m ^ n , so by abuse of notation, the last n 2 coordinate 
functions in £ m + n 2Q will be denoted by &i,j, for 1 < i,j < n. 

Lemma 6.2.1. The kernel of the map v : O n i — > 0^ n is generated by 

• tr(A&ij) + tr(A& l jti ), for A 6 End(V) and 1 < i,j < n 

• tr{A@ l . J B& i ,j,) - ir(A0^)M B0 i',j), for A, B e End(Y) and 1 < i, j < 
n. 

Proof. We use the isomorphism £ : V n <E) V™ ~ (End(Y) n ) v , given by 

t;(v p (8) w q ) := v ®i,jiu = uj(v, ®ijw) — tr(wv &ij) 

This induces an isomorphism of algebras 

e:5ym*(V re ®V")->O n2 ,o 

The induced map 

v' : Sym'(Y n ® V") ~ O nKQ -^ O , n =s Sym'(Y l ) 
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is the natural symmetrization map. These maps fit together into a commutative 
diagram, 

T(V"®V n ) -> Sym'(V n ®V n ) -^ O n 2 fi 

\r \.V' \.V 

T(V") ->■ Sym-(V») -^» O ,n 

Here, T denotes the tensor algebra and the maps from T to Sym* are the sym- 
metrization maps. 

By definition, the kernel of 

T(V n ) -> Sym'iW 1 ) 

is spanned, as j runs over all natural numbers, by elements of the form 

(6.2) ( Vl ) pi <g> (v 2 )j> 2 ® ... ® (Vj)pj - M<r(pi) ® (U2)«r(p 3 ) ® •■■ <8> (Vi) CT (p 3 .) 

for i>i G V, 1 < ft < j and cr G Ej, the symmetric group on j letters. Since 
T(V" <g> V") -»• T(V") is an inclusion, it follows that the kernel of 

T(V n ®Y n )^Sym m {Y n ) 

is spanned by elements of the form 1(53)1 . Since T(V" <g> V") -» Sym'(V n <g) V") is 
surjective, the kernel of 

i/ : Sym m (y n <8> V") -4 Sym'iV 1 ) 



is spanned by the the image of elements of the form (|6.2|) . 

The symmetric group Ej is generated by simple transpositions, and so the kernel 
of the map v' is generated by two kinds of elements 

• Vi® Wj — Wj ® Vi, for v, w € V and 1 < i, j < n. 

• (vi <g> Wj)(w,v ® u/-,) — (v, (8> -u^-,)(Vjv ® Wj), for v,w,v',w' e V and 1 < 
i,3,i',f < n. 

We then compute the image of these generators under £. 

£(t>i ® Wj — Wj £§ «i) = tr(wv &i.j) — tr(vw ®j,i) 

= tr(wv ± (® l , 3 +®^ l )) 
Since products of the form ran 1 span End(Y), this gives the first kind of generator. 

£(vi ® Wj)(Vi, ® Wj,) = tr(wv- L ® i j)tr(w'v'- L ® i > ! j>) 

= tr(w(v'^® ¥ , r w')v^®i^) 
= tr(w'v ± ® iJ wv /± ® l ,j,) 

£(vi ® w'yXv'i, ® Wj) = tr{w'v ± ® i ^)tr{wv' ± @ l >.,j) 
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Combining these gives the second class of relation. □ 

Corollary 6.2.2. The kernel K of the map v : O m+n 2 Q — y O m>n is spanned by 

• tr(A&i,j) +tr(A®j i ), for A G £ m +n 2 ,o and 1 < i.j < n 

• triA&ijB&iij) ~ tr(A® td ,)tr(B® t ,^) ! for A, B G £ m+n 2 fl , and 1 < 
i,j,i',j' < n. 

Proof The preceeding lemma provides a generating set for this kernel. The kernel is 
then spanned by m+ „2 ^-multiples of these generators. In all cases, this coefficient 
may be pulled through the trace, and absorbed into the definition of 4 or B. □ 

6.3. The invariant kernel of v. The next step is to find the kernel of the map v 
when restricted to the invariants. 



Lemma 6.3.1. The kernel of the map v : 0„, 2 „2 ~^ ^rnn * s spanned by 
• tr(A& u] )+tr(A@^ t ), for A 6 ^+^,0 and l ^ U ^ 



• 



tr(A8ijBe VtJ ,) - ir(A@ i>j /)tr(B@ i / ji ), for A,B G C+n*,o and 1 ^ 
i,j < n. 

Proof. Let Rij denote the 5LVsubrepresentation of O m * 2 Q spanned by 

(6.3) triA&^+triAQ'jA, 

for A G £ m +n 2 ,o- There is a S^-equivariant surjection £ m + n 2 ,o ~~ * Ri,j which sends 
A to (|6.3[) . The induced map on invariants is a surjection, and so R^ ■ 2 is spanned 

by 

(6.4) tr(A@ id ) + tr(A@^), 
for A G £ SI ? 2 n - 

m+n ,0 

Let Ri,j,i',j' denote the ST^-subrepresentation O m _? n2 spanned by 

(6.5) triA&^B&ej') - tr(Ae itj ')tr(B@ itd ), 
for A, B G £ m +n 2 o- There is a S^-equivariant surjection 

(6.6) £ m+n 2 ®O m + n2 „ £ m +n 2 ,0 -> Ri,j,i',j' 

which sends A <g) B to (|6.5j) . The induced map on invariants is a surjection. 



Choose a basis «i,V2 for V, and let e^ denote the (i,j) elementary matrix in 
this basis. 

Lemma 6.3.2. The invariants (£ m +n 2 fi®0 2 £m+n 2 ,o) are spanned by A®Ti 
and £*,je{i,2} e *i A ® e J* B - 
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Proof. Consider O m+n 2 +2 .o, where the two final coordinate functions are denoted 
Yi and Y2. Then there is an >S-L2-equivariant inclusion 

(6-7) £ m +n 2 ,0 ®O m + n 2 <0 £m+n 2 fi ^> O m+n 2 +2Q 

which sends A®B to tr(AYiBY2). The image of this map consists of the elements 
of O m+n 2 +2 ,o which are linear in Yi and in Y2. 

By Theorem l5.6.2l the subspace of , 2 2 , n n which is linear in Yi and in Y 2 is 

J ' * * m+n +2,0 L ^ 

spanned by tr(AYiBY 2 ) and *r(AYi)ir(BY 2 ), for A, B E £^ + 2 n 2 +2 - Note that 

E tr(e ij AY 1 e ji BY 2 ) = E ( AY i)ji( BY 2)ii = *r(AYi)tr(BY 2 ) 

i,ie{i,2} i,ie{i,2} 

It follows that the image of the span of 

{A ® B} |J J E e v A ® e ^ B I > for A > B e CW2,o 

under the map (|6.7p spans O m+ 2 „2 +2 q- ^ 

The map (frTTJj) sends A <g> B to 
(6.8) tr{A®^B®^ r ) - tr(A0 lJ v)ir(B0 l , j), 

and Ei,ie{l,2} e « A ® e Ji B t0 

E ^(eyAOije^B©^^/) - tr(e lJ A0 i j)tr(e : ,- i B0 i ' J /) 

i,j'6{l,2} 

= E ( A0 « J )«(B0^ J O»-(A0„-)^(B0 4 ' J O lJ 

i,j£{l,2} 

=tr(A© i) j)tr(B0 i / )J v) - tr(A® itj B& it ;f ) 
Notice that this is of the same form as (J6.8I) , except with a minus sign and i' and 



? SL 2 

Corollary 16.2.21 states that the kernel K of v is 



j exchanged. It follows that i?f 2 , -, is spanned by elements of these two forms. 






The Reynolds operator (Lemma I5.1.2p is a linear projection 7 : O m+n 2 --■» 
C S i 2 2 n , which 
this to X gives 



O , 2 n 2 , which sends subrepresentations to their invariant subspaces. Applying 



7 E ^ + E *w - E C 2 + E *K^ 

\ 1<2,j <rt l<i,j,i' ,j'<n J l<i,j<n l<~i,j,i' ,j'<n 

Therefore, K SL2 is spanned by elements of the form (|6.4p and (|6.8p . as the A and 
B run over £ m+n 2 and i,j,i',f run over 1, ...,n. □ 



CHARACTER ALGEBRAS OF DECORATED SL 2 (C)-LOCAL SYSTEMS. 25 

Lemma 6.3.3. The kernel of the map v : £ m 2 n i "^ ^m n * s generated by 

• ®i,j + ®j,i> f or l < h i < n 

• ©jj-B0j'j/ — tr(TZ&itj)®ij> or equivalently, 

® id B@i, tf B0^0 4J , - e^jB'&^j, 

for B e C+„ 2 ,o a7ld ! ^ *.i. *'./ ^ n - 

Proof. We consider O m +\, n with final coordinate function denoted Y. There is an 
inclusion £ m ^ n — > O m +\. n , which sends A to tr(AY). The image is the subspace of 
O m ii ]tl which is linear in Y. We have a commutative diagram 

°m+n 2 ,0 ^ l -m+n 2 +l,0 

c-SL 2 o_s, f)SL 2 

^m,n m+l,n 

Hence, the kernel of v in £ , 2 2 „ is the preimage of the kernel of v in , 2 , . , „. 

' 771+n ,0 -^ ° m+n +1,0 

If tr(A&ij) + tr(A®j A G £ m + n 2 +li0 is linear in Y, then A = BYC, for some 
B,C e f m+n a )0 . Then 

C(e itj + 0^)B '^ ir(C(0, ;j + e;- t )BY) = tr(A@ id ) +tr(A9j )4 ) 

Thus, the preimage of ir(A0, iJ )+tr(A0' J is in the ideal generated by 0jj + 0' j. 
A similar argument works for the other class of relations. □ 

6.4. Presentations of mixed invariants and mixed concomitants. By Propo- 
sition [6TTJ a presentation of 0^£ (resp. £^n) can be produced by choosing a 
presentation of O m+ 2 „2 (resp. £ m+ 2 „2 ) and adding a relation coming from the 
generators for the kernel of v. 

Combining Procesi's presentation of C„ l+ 2 n 2 with the previous presentation of 
the kernel of v gives the following. 

Theorem 6.4.1. The algebra 0„^l is generated as a commutative algebra by tr(A), 
as A runs over all words in the coordinate functions {X,;, ®i.j}- The relations are 
generated by 



• Procesi's F-relation (J5.8I) . 

• tr(A&i t j) — tr(A®jj)—tr(A)tr(®j t i), for A a word in the {Xj,©^} and 
1 < i, j ' < n, 

• tr{A@ itj B® v j,) = tr(A® hf )tr(B® t/j ), for A, B words in {Xi,® itj } 
and 1 < i,j,i',j' < n. 

Proof. The generators and the first relation come from Theorem l5.6.2l The second 
two relations come from Lemma 16.3.11 Note that any occurence of XJ or ®\ • may 
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be replaced by ir(Xj) — X» or tr(&i t j) — ®i,j, so as to avoid using l. In this way, 
the second relation is a reformulation of tr(A®ij) = — tr(A@'- i ). □ 

Combining Brumfiel and Hilden's presentation of £ , 2 2 with the previous pre- 
sentation of the kernel of v gives the following. 

Theorem 6.4.2. The algebra S^n * s generated by 
• coordinate functions Xi, /or 1 < i < m, 



• 



adjoint coordinate functions XJ, /or 1 < i < m, 



• outer product functions &ij, for 1 < i,j ' < n. 



The relations may be written two ways. Let ?' oe the anti-involution with (X;) 1 := 
X^, and (®ij) L := 0j j. TTien i/ie relations are generated by 

(1) (A + A t )B = B(A + A<), /or aU A, B words m {X,, XJ, © w }. 

(2) QijA&i'ji — A&iij&ij/ — ® Jii >A'-@i i j>, for all 1 < i,j,i',j' < n and A 
a word in {X^, X|, ©j,^}- 

Lei tr(A) := A + A' . TTien i/ie relations are generated by 

(1) tr(A)B = Btr (A), for all A,B words in {X. i ,X. t i ,& itJ }. 

(2) ©jj-AQj/j-/ = tr(A®i> ,j)®i,j' for all 1 < i,j,i',j' < n and A a word m 
{Xj,X^,©jj-}. 

Proof. Theorem 15.6.41 implies that f^n is generated by {X(, XJ, 0(^,0^ ,•}, and 



that the trace of any element is central. Lemma [633] shows the rest of the relations 
are given by ©,.j = — ©!■ i and ©jjAQj/j' = ir(A0^ ,j)@i,j'. The relation 0jj = 
— ®5i may be used to eliminate the variables ©J,-, which in turn eliminates the 
need for that relation. The remaining generators and relations give the theorem as 

stated. □ 

7. Presenting the character algebra 

In this section we apply the results of the previous section to the decorated 
character algebra. 

7.1. A presentation of the representation algebra. First, we will need a pre- 
sentation of the representation algebra ORep(G, M); recall that ORep(G, M) is the 
coordinate ring of the representation scheme Hom((G, M), (SL2(C),Y)). 

(Fixing a presentation for (67, M)) The definition of the representation alge- 
bra will require an explicit presentation of (G,M). Choose a finite generating 
set |q 1 ;li< 1 ;<n C G for 67, and a finite set of 67-orbit representatives {Pj}i<j< n C 
Mr 5 ! Let {gi 1 gi 2 ---9i k } be a generating set of relations for 67, and for each j, let 
{9ji9j2---9jk} be a generating set for the stablizer of pj in M. 



For simplicity, we will assume the generating set {gt} is closed under inverses. That way, every 
element of g can be written as a positive word in {gi}. 
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Definition 7.1.1. Define the representation algebra ORep(G,M) to be the 
quotient of O m . n by the ideal generated by... 

(1) det(Xj) - 1 for all 1 < i < n, 

(2) p (X^X^.-.X^. — Idy) for each relation in G, and each p G End(Y) v . 

(3) p ((X.j 1 Xj 2 ...X.j k — Idy)~Vj) for each 1 < j < m, each generator of the 
stablizer of Pj, and each p G V v . 

Remark 7.1.2. If M is a free G-set, then the third class of relations is redundant. 
If G is a free group and M is a free G-set, then the second and third classes of 
relations are empty. 

The representation is the universal algebra of decorated representations of (G, M) 
into (SX2(C), V) in the following sense. 

Proposition 7.1.3. Let A be a commutative C-algebra. Then there is a natural, 
SL2-equivariant bijection (functorial in A) 

{group action maps \ ^ J C-algebra maps \ 

{G,M)^(SL 2 (A),A®V) J ~~^ \ ORep(G,M)^A J 

Proof. Given a map of group actions 

/ = (IgJm) ■ (G,M) -4 (SL 2 (A),A®V), 
define a map a/ : O m . n —> A by 

a/(y(Xi)) = fciSi), for each 1 < i < m, and each p G End(Y) v 

ctf((p(vi)) = /m(vj), for each 1 < j ' < n, and each p G V v 

Since det(/G(<?i)) = 1, the map aj kills the elements dct(Xj) — 1 in O m ^ n . Since / 
is a map of group actions, a/ kills the remaining relations for ORep(G, M), and so 
Uf descends to a well-defined map ORep(G, M) — > A. 

Given a map a : ORep(G, M) — » A, define a map of group actions f a = (/g, /m) 
as follows. Let /g(<?j) be the unique element in End(V) such that 

f(fa{9i)) = a(<p(Xi)), for each p G End(Y) y 

Let /m(vj) be the unique element in V such that 

v(/m(vj)) = a(ip(Vj)), for each p G V v 

Since a kills det(Xi) — 1, then /g(<?i) € SL2(C). The remaining relations in 
ORep(G,M) imply that f a : (G,M) ->■ (SX 2 (C),V) is a map of group actions. 

These two constructions are directly seen to be mutual inverses which are SL 2 - 
equivariant. Functoriality is straight-forward. □ 
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As a consequence of the above universal property, the algebra ORep(G, M) is 
independent of the choice of presentation for (G, M) . 

Corollary 7.1.4. The C-points of the scheme Rep(G,M) := Spec(ORep(G,M)) 
are in bijection with Hom({G, M), (SX2(C), V)). 

7.2. Getting invariant relations. The aim is to present the SX2-invariants in 
ORep(G, M). The previous section gives a presentation of OfJ^ 2 . However, the sec- 
ond two relations given in Definition 17.1.11 are not S^-equivariant, and so Lemma 
15.1.11 cannot be used. This is fixed by tensoring with End(Y), and passing to the 
even subalgebra. 

The defining surjection 

7T : O rn , n -> ORep(G, M) 

gives a surjection 

tts ■ £ m ,n -> End(Y) <8> ORep{G, M) 

Using — Idy £ 52^2 (C), any SX2(C)-representation V splits into even and odd 
summands, 

V e :={veV\(-Id Y )-v = v} 

V° :={«£ V\(-Id Y )-v = -v} 

The even part contains the SX2(C)-invariants; V s L2 C V e . 

One checks that End(Y) is even and V is odd. It then follows that O e m n C O m n 
is the subalgebra of functions which have even degree in V n , 

° e m,n = {/ 6 Om,fl | /(Al, ..., A n , V t , ..., U m ) = /(Ai, ..., A„, -V t , , ..., -V m )} 

The even parts of £ m , n and ORep(G, M) are similarly equal to the subalgebras of 
functions even in the V™ part. 

Let 71"! denote the restricted surjection 

*f : £ Ln -»• ^»d(V) ® ORep(G, Mf 
Remark 7.2.1. Technical necessities. Tensoring with End(W) and restricting to the 
even part are necessary so that the kernel of 7r| is generated by S*L2-invariants. 
However, in simple cases this is unnecessary. If M is a free G-set, irg already has 
an invariantly-generated kernel. If G is a free group and M is a free G-set, it already 
has an invariantly-generated kernel. 

Lemma 7.2.2. The kernel of 7r| is generated by 

(1) X^X^ — Idy for all 1 < i < n, 

(2) X^Xij-.-Xj. — Idy for each relation in G. 

(3) (X^Xj-2-..Xjj. — Idy)®jj> for each 1 < j, j' < ra, anrf each generator of 
the stablizer of pj. 
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Proof. Let / denote the two-sided ideal in S^ n generated by the elements in the 
statement of the lemma, so that we wish to prove / = ker(7r|). 

The kernel of n£ is spanned by elements of the form Ar, where A G £ m ,n and r 
runs over all the relations in Definition 17.1.11 Such an element is in £^ n if both A 
and r are in £^ n , or if they are both in £^ n . The first two relations in Definition 
17.1.11 are even, the third is odd. In the third case, we can find {fi} G V v and 
At G St, „ such that 



A(p((X jl 'X. J2 ...X jh - Id Y )vj) 



v(( x ii x i2- x j fc -Idv)vj) 



y^ Ai<pi(vi 

l<i<m 

For any tp, ip' e¥ v , there is a ip" G End(Y) v such that 

ip'(vi)ip((X h X h ...X jh - Idv)vj) = v" (pt-j 1 X h ...X jk - Idv)&j,i) 

The kernel of 7r| is then spanned by elements of the form (as A runs over e £ m ,n)'- 

(1) A(det(X 4 ) - 1). 

(2) Atp (Xi 1 Xj 2 ...Xj. — Idy) for each relation in G, and each ip G End(Y) v . 

(3) Atp ((Xj 1 Xj 2 ...Xj k — Idy)®j,i) for each 1 < i,j < m, each generator of the 
stablizer of pj, and each (p G End(Y) v . 

By Proposition EIU X 4 XJ - Idy = (det(X l ) - l)Jd v . Then J C ker(?r^), since 

Idy G End(V) (g) End(Y) v 



Now, let A G £mn an d V £ End(Y) . Assume first that A = fvw and 
<y9 = tr(v'w'^-) : for / G Of nn and v, w, «', w' G V. Then, for Bel, 

Atp(B) = fvw^triv'w'^B) = f(vw' ± )B(v'w ± ) G I 

By linearity, Aip(B) G / for general A and ip. Then the above spanning set for 
ker(7r|)is contained in /. Therefore, / = ker(7r|). D 

The map 7r| then has a kernel which is generated by iSX2-invariants. By Lemma 
15.1.11 the kernel of this map when restricted to invariants is generated by the same 
set. 

Corollary 7.2.3. The kernel of tt| L2 : £%£ -> (End(Y) <g> ORep{G,M)) SL2 is 
generated by 

(1) X*X< - Idy for all I <i< n, 

(2) Xj 1 Xj 2 ...Xj. — Idy for each relation in G. 

(3) (Xj 1 Xj 2 ...Xj k — Idy)®jjr for each 1 < j,j' < ra, and each generator of 
the stablizer ofpj. 

This corollary can be combined with the presentation of £^ 2 (Theorem I6.4.2[) 
to yield a presentation of (End(Y) ® ORep(G : M)) SL2 . 
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Corollary 7.2.4. The algebra (End{Y)®ORep{G, M)) SL * is generated by {X;, X|, © jtk } 
for 1 < i < m and 1 < j, k < m, with relations generated by 

(1) X,XJ - Id v for alll<i<n, 

(2) X^X^.^Xi, — Idy for each relation in G. 

(3) (Xj-jX^.-.X^j. — Id^)®j t ji for each 1 < j,j' < m, and each generator of 
the stablizer ofpj. 

(4) (A + A)B = B(A + A'), for all A, B words in {X,, XJ, ®i,j}- 

(5) ®ijA®i'j> — A&i>j&ij> — ®,j t iiA L ®ij' , for all 1 < i 7 j,i' 7 j' < n and A 
a word in {X^, XJ, ®i.j}- 

7.3. A presentation of the matrix character algebra. There is a more natural 
presentation of the algebra (End(V) <8> ORep(G, M)) SL2 which is independent of 
the choice of presentation of (G, M). Let C[G] be the group ring of G, and let 

T G M 2 := T C[ G] (CM <g> CM) 

be the tensor algebra of CM® CM over C[G]. For jeG, the corresponding element 
in C[G] will be denoted X g ; for p,q € M, the corresponding element in CM <S> CM 
will be denoted ® Ptq - 

Lemma 7.3.1. The tensor algebra TgM 2 is naturally isomorphic to the abstract 
algebra generated by {Xi,XJ, ®j,k} for 1 < i < m and 1 < j,k < m, with relations 
generated by 

(1) X^X< - Idv for alll <i< n, 

(2) X^X.^.^Xi. — Idy for each relation in G. 

(3) (Xj 1 Xj 2 ...Xj fc — Idy)®j t ji for each 1 < j,j' < m, and each generator of 
the stablizer ofpj. 

Proof. First, note that Relation (1) in Corollary 17.2.31 means that XJ = X" 1 . For 
g 6 G, let gk 1 gk 2 ---9k l — g be a word for g in the generating set {gi,g~ }• Then 

X s = X^X^..^ 

Relation (2) in Corollary |7.2.3l guarantees this element is independent of the choice 
of word for g. Similarly, for p,q £ M, let gi 1 gi 2 ...gi k pi — p and gj 1 gj 2 —9jiPj = 9 be 
words for p and q. Then 

®p, q = X il X i2 ...X ifc @jjX Ji ...X :) - 2 X :;i 

Relation (3) in Corollary |7.2.3l guarantees this element is independent of the choice 
of words for p and q. □ 

There is then a surjection 

(7.1) T G M 2 -> (End(V) ® ORep(G, M)) SL2 
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whose kernel is generated by relations of type (4) and (5) in Corollary 17.2.31 The 
elements X g and ® P , q are identified with their image. As elements of End(V) <B> 
ORep(G, M), they can be evaluated on a group action map p : (G, M) — > (5£2 (<C), V) 
to give elements of End(V) . Specifically, 

X 9 (p) = P ( 5 ), & M (p) = e(p(p), p(g)) = p(p)p(g) ± 

The anti-involution t : TgM 2 —> TgM 2 can be formally defined by 

(Xg)'' := X fl -i, (®p,g)' = — ©g,p 

Similarly, the linear map ir : TgM 2 —* TgM 2 can be formally defined, by 

ir(A) := A + A l 

Then, the following elegant theorem is the fruit of all of the labor so far, and the 
source of all of the results to follow. 

Theorem 7.3.2. By the surjection ([73]). the algebra (End(Y) ®ORep{G,M)) SL2 
is isomorphic to the quotient of TgM 2 by the two-sided ideal generated by 

(1) tr(A)B - Btr(A), for all A, B G T G M 2 . 

(2) ®p,q®p>,q> - tr(& p > ,q)®p, q > , for allp,q,p\q' e M. 

Proof. Quotienting by just first three relations in Corollary 17.2.31 gives TjM 2 , by 
the lemma. The remaining two relations are almost copied directly from Corollary 
17.2.31 the only difference is that the Relation (2) no longer contains a generic word 
A. 

Note that it suffices to assume that such an A is a word in {& Ptq }, since any X g 
may be absorbed into an outer product @ Pl? . For A = © P '. g <, using Relation (5), 

*^'p,q\^'p / ,q' )^p" .q" Tr\K9p> q )*-* p ^q ! ™ p" ,q" 

= tr(®p' t q)tr(® p » t q')® p> q» 
= tr((® p > ,q')®p" ,q)®p,q" 

The same argument works for longer A, and so every relation of type (5) in Corollary 
17.2.31 can be deduced from Relation (2) in the statement of the theorem. □ 

7.4. A presentation of the character algebra. Recall the map 

X : H + (G, M) -> ORep(G, M) SL2 

which wc wish to show is an isomorphism. Composing with the inclusion ORep(G, M) 
End{V) ® ORep(G, M) gives 

X : H+{G, M) -► (End(V) ® ORep{G, M)) SL2 
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In this larger context, \ may be expressed in terms of the trace. 
X ([g])=tr(X g ), x([p,g]) = tr(©w.) 

The scalars C C End(Y) are characterized as the elements which are (.-invariant. 
By extension, the representation algebra 

ORep(G, M) c End(V) ® ORep(G, M) 

is the i-invariant subalgebra, and so 

ORep(G, M) SL2 C (End(V) ® ORep(G, M)) SL2 

is the i-invariant subalgebra. Since the trace map projects onto the t-invariants, 
ORep(G,M) SL2 is the subalgebra of (End{Y) <g> ORep{G,M)) SL2 which is the 
image of the trace. 

Define a linear map r : TgM 2 --* H+(G, M) by r(X g ) := [5] and 

T (@p 1 ,q 1 ®p 2 ,q 2 ...@ Pn , gn ) 1= [<?! , p 2 ] [<72 , P3] • •• [<ln, Pi] 

The following proposition collects the important properties of r. 

Proposition 7.4.1. Let A, B e 7g^ 2 - 

(1) r(A t )=r(A). 

(2) t(AB) =t(BA). 

(3) r(*r(A)B) = t(A)t(B). 

(4) T/ie map r descends to a map r : (End(Y)<E)ORep(G, M)) SL2 — » #+(G, M). 

Proof. (1) One has [ 5 ] + [g- 1 ] = [e]fo] = 2fo] and so [tT 1 ] = [<?]. 

r(X 9 ) = [.g] = [ 5 - 1 ]=r(X g - 1 ) 
Next, by definition, [p, q] = — [q,p], and so 
T \\^pi,qi^P2,q2---^p n ,q n ) ) = T I "p»,g n Pn-ii9»-i" pii9i 

= (-l)"b™,gn-l]bn-l,gn-2]---bl,9n] 

= [gi,P2][02,P3]---[g™,Pl] 

= T ( l "p 1 ,q 1 fc'p2,g2-""pn,qi. J 

(2) One has 

[gh] = [g}[h] - [h-'g] = [h][g] - [g^h] = [kg] 
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and so r(X 9 X/,) = [gh] = [hg] = r(X/,X a ). 

r(X a 0p 1) g 1 P2ig2 ...0 Pn)gn ) = [qi,p 2 ]['?2,P3]---[g™,gpi] 

= [qi,P2}[q2,Ps}-[g~ 1 q n ,pi] 

= T(0pi,3i0p2i?2-"0Pn,9n-^-9j 
7-(0p ll g 1 ...0p 4 ,g i 0p 4+1 ,g i+1 ...0p n ,g n ) = [tfl , Jfe] • • • [«» , Pi + 1 ] fe+1 , Pi + 2] ■ • ■ [<?« , Pi] 

= fe+l,P»+2]---[<?™,Pl][<7l,P2]---fe,P 4 +l] 
= T(fe)p i+l! g i+1 ...fe)p 7i] g 7i fe)p 1] q 1 ...fe)p i! q i j 

Thus, r(AB) = r(BA). 

(3) We check all the cases. 

r(tr(X fl )X fc ) = r(X g/( + X fl -i h ) = [<?/i] + [^/i] = [g][h] = r(X g )r(X h ) 
r(tr(-A.gjfe)p 1] q 1 fe)p 2 . g2 ...fe)p n , gn J = Tyy^gpi^i < *^g- 1 pi,qi) ^P2,q2---^Pn,qn) 

= [qi,P2]-[q n -l,Pn}([qn,gPl] + [«n,fl"V]) 
= [fl , ][gi,P2]-[«n-l,Pn][9n,Pl] 
= T l^g/ T v"pi,<?i"p2,<?2"-' = 'P7i,<?ri,) 

= T(fc»p ll9l -"pj,?j"pj + i,gj + i-"p n ,9„ + (~ J-j "(Jj.Pj •••* = '9l ! Pl"pi + l,9i + l---"pn,9»i/ 

= [9l,P2]-te,Pj+l]-[gn,Pl] + (-l) J [Pj,?j-l]-[pi,Pj+l]-[?n,?j] 

= [gi,P2]-te-l,Pj][gj+l,Pj+2]-[9n-l,Pn]([gj,Pj+l][Q'n,Pl] ~ [Pl,Pj+l] [<?n, Qj}) 

=([qi,P2}-[qj-i,Pj][qj,Pi})([qj+i,Pj+2]-[qn-i,Pn][qn,Pj]) 

=r(c)p li(?1 ...V9 p . t q. )T(tr)p j+1 _q j+1 ...vyp n _q ri ) 

(4) Let A,B,C,D e T G M 2 . Then 

r(Cir(A)BD) = r(«r(A)BDC) 

= r(A)r(BDC) 

= r(A)r(DCB) 

= r(tr(A)DCB) 

= r(CBtr(A)D) 



l Pj,9j + l---"Pn,9r 


,) 


* = 'p„,<3„' = 'pi,<3l" 


•®Pi-i.?iy 


'"Pni9«"Pli?r 


■■®Pj-l,qj 
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Therefore, r kills C(tr(A)B - Btr(A))D. Next, for { Pi }, { qi } 6 M, 

r (,"pi,9l ■•■"pj,9j"pj + i<<3j + i ■■•"p,.,9t 1 ) 

= T ( P )+ i,9> ( & PU 11 "®Pi,<i 

—T{Q^ Pj+1 , qj )T [(r> Pjtqj+1 .. 
=t {tr(<z)p j+1 , qj )V3 Pj , 9j+1 . 

Therefore, r kills A(® p , q ® p ,, q > -tr(® q , p >)® p , ql )B. By Theorem E321 the 
map r descends to a map (End(V) (g> ORep{G,M)) SL * — » H+{G,M). 

□ 

We can now show that x : H + (G, M) — > ORep(G, M) SL2 is an isomorphism. 

Proof of Theorem \3.5.2\ First, we show rx(?") = 2r for all r by inducting on the 
length Z of r 6 H+(G,M). First, tx(1) = r(l) = [e] = 2. Next, let r E H+(G,M) 
be a word of length Z — 1. 

tx(W) = T(tr(X g )x(r)) = r(X s )rx(r) = [g]rx{r) = 2[g]r 

TX([p,q\ r ) = T ( tr (®q, P )x(r)) = r{@g tP )Tx(r) = \p,q]rx(r) = 2[p,q]r 

Therefore, x is an inclusion. 

Next, we show that X t(A) = tr(A) for all A S End(V) (g> ORep(G, M) SL \ 

XT(X g )= X ([9])=tr(X g ) 

XT(@Pl,9l©P2,92-@P„,gJ = X(tel,P2][<72,P3]---bn,Pl]) 

= ^(©P2,gi)^(©P3,«2)-^(©Pi,<?„) 

— fc'"("p 1 ,g 1 "p2,'j2 ■•■"Ptii9ti J 

Therefore, the image of x is ORep(G, M) SL2 . D 

Appendix A. Twisted character algebras 

The preceeding theory concerned group action maps (G,M) — > (SX 2 (C),V). A 
useful variant is to consider group action maps which are 'twisted' by a Z 2 -character 
of a central extension. This is important for applications to Teichmiiller space, skein 
algebras, and cluster algebras. 

A.l. Twisting by a central extension. Let (67, M) be a group action. A central 
extension of (G, M) will be a group action (G", M'), together with a map 

f = (f G jM)-(G',M')^(G,M) 



CHARACTER ALGEBRAS OF DECORATED SL 2 (C)-LOCAL SYSTEMS. 35 

such that... 

• fa and Jm are surjective, 

• the kernel K of fa is central in G' , and 

• for each m G M, the preimage f^ (m) C M ' is a (non-empty) free _ftT-orbit. 
A central extension of groups G' —¥ G determines a central extension of group 
actions up to non-canonical isomorphism. 

Let s : K — > {il} be a group homomorphisml 1 ^ Then an ,s-twisted repre- 
sentation of (G,M) into (SX2(C),V) is a map of group actions p : (G',M') — > 
(SL 2 {C),Y) such that, for all k G K, p(k) = s(k). If s(K) = 1, then an s- 
twisted representation is equivalent to a(n untwisted) representation (G, M) — > 
(SX 2 (C),V). Similarly, a splitting h : (G,M) -» (C, M' ) (i.e., /o/jis the identity) 
induces a bijection between s-twisted representations and untwisted representations 
by pulling back along h. 

A. 2. The twisted character algebra. The set of s-twisted representations of 
(G,M) into (<SX 2 (C),V) has a natural algebraic structure. Define the s-twisted 
representation algebra as 

ORe Ps (G, M) ■- ORep{G', M')/(g - s{g)) geK 

This algebra has the following universal property; this follows from Proposition 

En 

group action maps ] , \ 

, : «/.*•) - (SfaMMS V) ^ olTZ^A } 
such that p(g) = s(g),Vg € K J ^ 6Ps( ' ' > 

This algebra has an SL 2 (C)-action. Define the twisted character algebra to be 
the S'L2-invariant subalgebra, 

OChar s (G,M) := ORe Ps (G,M) SL2 

The definition of Rep s (G,M) provides a surjection 

ORep(G',M') -> ORep s (G,M), 

which induces a map 

p : OChar(G',M') -*• OChar s {G,M) 

Lemma A. 2.1. The map p is surjective, and the kernel of p is generated by ele- 
ments of the form 

• Xgh - s(g)xh, for g G K and h G G' , and 

• X( gP ,q) ~ s(g)X(p,q), for g G K and p,q£ M' . 



"A choice of central extension (G' , M') is implicit in the definition of s. 
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Proof outline. This proof is in the same spirit as the presentation of the character 
algebra, so we only outline the details. First, the map on representation algebras 
induces a surjection 

End{Y) ® ORep{G', M') -> End{W) <g> ORep s {G, M) 

One observes that the kernel is generated by X g — s(g)Idy as g runs over K. These 
relations are S^-invariant, and so by Lemma 15.1.11 the kernel of 

(End(Y) <g> ORep(G',M')) SL2 -> (End(Y) ® ORe Ps (G,M)) SL2 

is also generated by X g — s(g)Id as g runs over K. 

Since the corresponding character algebras are the t-invariant subalgebras in this 
map, the kernel of p is spanned by elements of the form 

tr(A(X g - s(g)Id)B) = tr((X g - s(g))BA) = tr(X g BA) - s(g)tr(BA) 

From this, the theorem may be deduced directly. □ 

Then OChar s (G, M) can be presented by using Theorem 13.5.21 with the addi- 
tional classes of relations {x g h = s(g)xh} and {X(g P ,q) = s(g)x(p,q)}- 
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